We present a solution to the time discontinuity paradox in rotating reference frames by postulating that time is periodic. A kinematic restriction is enforced that requires the discontinuity to be an integral number of the periodicity of time. Quantized radii emerge for which the associated tangential velocities are less than the speed of light. Using the de Broglie relationship, we show that quantum theory may determine the periodicity of time. A rotating Kerr black hole and a rigidly rotating disk of dust are also considered.
I. INTRODUCTION
There is a long-standing debate in the literature concerning rotating frames of reference and rotating distributions of matter in Einstein's theory of relativity. Much of this discussion focuses on the paradoxes associated with the global properties of time. Both the time discontinuity paradox [1] as well as the existence of closed timelike curves (CTCs) [2] in certain exact solutions of Einstein's field equations have garnered much attention.
The time discontinuity paradox arises when one tries to establish standard simultaneity along a closed curve in a rotating coordinate system. Upon traversing a complete circuit in such a frame of reference an observer discovers that a clock situated at the curve's orgin is not synchronized with itself. This paradox is often treated in the context of special relativity alone. According to the traditional viewpoint (see, for example, Refs. [3, 4, 5, 6, 7, 8] ) special relativity is valid in rotating frames of reference and the time discontinuity paradox is only an apparent paradox. This traditional approach maintains that multiple clock readings at a given event, depending on the chosen synchronization procedure, are indeed acceptable. Furthermore, it is argued that the time gap is no more problematic than the discontinuity in time at the International Date Line or the coordinate discontinuity in angle at 2π. On the other hand, many authors have questioned the validity of special relativity in rotating frames of reference and have attempted to modify Einstein's postulates for rotational motion. For example, Klauber [9] and Selleri [10] independently contend that the synchronization procedure cannot be chosen freely for the rotating frame and propose a unique (non-Einstein) synchronization along the circumference.
Closed timelike curves are also the subject of much debate in Einstein's theory of relativity. A CTC is a future directed timelike curve in the space-time manifold that runs smoothly back into itself. As is well known [11] , the existence of CTCs suggests that time travel is compatible with general relativity since an observer may evolve in time within the future light cone and return to an event that coincides with an earlier departure from that event. A number of exact solutions of the Einstein field equations exhibit nontrivial CTCs, including a rapidly rotating infinite cylinder [12, 13] , the Gödel universe [14] , a Kerr black hole [15] , and spinning cosmic strings [16, 17] . While the Gödel universe, the cosmic strings and the van Stockum cylinder all possess properties that may be deemed unphysical, the low angular momentum Kerr black hole is believed to possess physical relevance -it is the unique final state of gravitational collapse [18] . Therefore, CTCs cannot be dismissed simply as mathematical curiosities. Furthermore, the proliferation of new solutions that exhibit CTCs [19, 20, 21, 22, 23] suggests that their appearance in general relativity poses a critical problem to the foundations of physics [24] .
Hawking [25] has suggested that quantum effects prevent the emergence of CTCs. In particular, he showed that divergences in the energy momentum tensor caused by vacuum polarization effects create singularities prior to the appearance of CTCs. Based on these results Hawking proposed the chronology protection conjecture: the laws of physics do not allow the appearance of CTCs. Kim and Thorne [26] have suggested otherwise, namely, that the divergence in the energy momentum tensor may be cut off by quantum gravitational effects. Without a well-defined theory of quantum gravity this matter is still open to debate [2] .
In the following we show that the time discontinuity paradox and the problem of CTCs may be intimately related, namely, that a solution to the former may resolve the latter. Specifically, we show that a proposed periodicity in time permits a kinematic condition to be imposed on the permitted time gaps, resulting in a series of preferred quantized radii. In the rotating frame of reference, the tangential velocities associated with these preferred radii are less than the speed of light. In the Kerr black hole and the rotating disk of dust, the preferred radii do not lie in the regions that possess CTCs.
II. ROTATING FRAME OF REFERENCE
Consider a Minkowski space-time with cylindrical coordinates {T, R, Φ, Z}. The line element is given by:
The coordinate transformation from the laboratory frame {T, R, Φ, Z} to the rotating frame {t, r, φ, z} is given by:
where ω is the angular velocity of the rotating system as observed from the laboratory frame. Substituting (2) into (1) gives:
where β = ωr/c < 1 and γ = (1 − β 2 ) −1/2 . Note that the condition β < 1 is arbitrarily imposed on the coordinate transformation.
The time discontinuity paradox appears when one tries to establish standard simultaneity along the circumference of a circle in the rotating coordinate system. Consider two clocks, A and B, separated by the infinitesimal distance rdφ in the rotating frame. In order to define standard simultaneity between the two (infinitesimally near) clocks the time on clock B must be adjusted by the amount [27] :
The well-known expression for the time discontinuity is obtained by integrating around the entire circumference of the circle:
Thus, if one sends a light ray from a clock A around the entire circumference of the circle, establishing standard simultaneity along the way, then one discovers a paradox: the clock at A is not synchronized with itself. If we assume, however, that time is a periodic phenomenon in the rotating coordinate system then a kinematic restriction can be placed on the motion that resolves the paradox. Therefore, let us assume that coordinate time is periodic with period t * (r) in the rotating system at radius r. If one sends a light ray from the observer around the entire circumference of the circle then the observer's clock remains synchronized with itself if the following condition is satisfied:
where n is an integer. Note that the periodicity of time is not necessarily an intrinsic property of time itself but is connected to circumnavigation around the circle. We now consider the case t * (r) ≡ t * 0 , where t * 0 is a constant. This is a special case that corresponds to a time in the rotating frame that can be obtained from (1) by a simple coordinate transformation. Substituting Eq. (5) into Eq. (6) gives:
where l * 2
. Hence, radial quantization emerges in the rotating frame of reference. Furthermore, the resulting tangential velocities associated with the above radii remain less than the speed of light for all values of n. This is easiest to see in the limit n → ∞ for which Eq. (7) gives ωr → c. Thus, the kinematic condition (6) also prevents causality violation from appearing in the rotating coordinate system. Previously, this condition was imposed arbitrarily on the coordinate transformation to the rotating frame.
The physical mechanism that is responsible for the topology of time remains to be determined. We now show that quantum theory can serve as a guide. We consider a mass m 0 at rest in the rotating system. Let us assume that the periodicity of time, τ * , in the proper frame of the mass is given by the fundamental period of quantum theory:
In the rotating frame of reference the coordinate time corresponding to the proper time τ * is:
Substituting Eqs. (8) and (9) into the kinematic condition (6) gives:
The reader will readily note that this is the quantum condition discovered by deBroglie [28] for the stationary states of a rotating electron. Thus, the well-known quantum condition acquires a kinematic interpretation in the present work. Time itself is periodic with period h m0c 2 in the rest frame of a particle of mass m 0 . A mass in a rotating frame of reference is restricted to occupy only those rotational states that do not possess a time discontinuity. Note that an electron possesses intrinsic spin; therefore, the above considerations are equally valid for a mass m 0 endowed with intrinsic spin as well.
Generalizing this result to an arbitrary mass distribution, we postulate that mass determines the periodicity of time in any given coordinate system. Therefore, in order to properly analyze the transformation to a rotating coordinate system one must specify the mass distribution that generates the rotating metric. The time periodicity defined by the mass distribution then leads to quantized radii for which no time discontinuity exists. For example, a thin, rotating, spherical shell of mass M , radius R and angular velocity ω s induces a rotation ω = ω s (4m/3R) in its interior [29] . From our discussion above, we postulate that the periodicity of coordinate time is given by h Mc 2 . Calculating l * 0 in Eq. (7) we find:
For typical laboratory scales M ∼ 10 2 kg, R ∼ 1 m and ω ∼ 10 1 s −1 , which gives l * 0 ∼ 10 −6 m. The postulate that coordinate time possesses a periodicity t * is consistent with general relativity. General relativity is a local theory; there may be many topologically distinct spacetimes that correspond to a given local metric element ds 2 = g µν dx µ dx ν (µ, ν = 0, 1, 2, 3) [30] . The above considerations hint at the general relationship that may exist between quantum theory and general relativity. While general relativity determines the local geometry of space-time, quantum theory may narrow the choice of topology from the topologically distinct spacetimes that correspond to any given metric.
For an arbitrary line element ds 2 = g µν dx µ dx ν the kinematic condition (6) becomes:
where i = 1, 2, 3 and t * is the periodicity of coordinate time in the chosen coordinate system. Note that (12) is not invariant under general coordinate transformations. Therefore, there is the potential for ambiguity in the choice of t * in general solutions of Einstein's equations.
III. ROTATING DISTRIBUTIONS OF MATTER
We now apply the above kinematic condition to exact solutions of Einstein's equations for rotating distributions of matter. First, we consider the Kerr black hole. Since the Kerr metric asymptotically approaches flat space-time the application of the preceding analysis is straightforward. In quasispheroidal coordinates the Kerr metric is given by [15, 31] :
where
and a ≡ J Mc , with M the gravitational mass and J the angular momentum as observed at large r. Following our analysis above, we postulate that the period of coordinate time in this coordinate system is given by the quantity h Mc 2 . Enforcing Eq. (12) around the axis of rotation, we obtain the condition for which no time discontinuity is observed:
where λ ≡ Mc . Consequently, we obtain the following quantized radii: . This suggests n ∼ 10 68 for r ∼ 10 11 m, so that an effective continuum of radii exists in our solar system. The quantized radii predicted by Eq. (15) are appreciable only for extremely low angular momentum bodies.
In the limit that n → ∞ the radii (15) approach the surfaces of infinite red-shift from above and below. In the Kerr metric CTCs are confined to the region within the two null event horizons; therefore, as in the case of the rotating reference frame, causality violation is avoided.
Next, we calculate the quantized radii for an infinitesimally thin disk of dust rotating uniformly around its symmetry axis [32, 33, 34] . The line element in WeylLewis-Papapetrou coordinates is:
The three metric functions e 2U (ρ, ζ), e 2k (ρ, ζ) and a(ρ, ζ) depend uniquely on the angular velocity of the disk, Ω, and the relativistic parameter µ:
where ρ 0 is the coordinate radius of the disk and V 0 ≡ U (ρ = 0, ζ = 0) is the "surface potential". The metric functions are calculated from the complex Ernst equation along with the appropriate boundary conditions. Noting that metric (16) is asymptotically flat, we postulate that the period of coordinate time in this coordinate system is given by the quantity h Mc 2 , where M is the total gravitational mass determined uniquely by µ and ρ 0 . Enforcing condition (12) around the axis of rotation we obtain:
where λ ≡ Mc . We consider the Newtonian limit µ = 2Ω 2 ρ 2 0 /c 2 ≪ 1. At µ = 0 the metric functions e 2U (ρ, ζ) and a(ρ, ζ) may be expanded in a power series [34] :
where the coefficients f 2n−1 and a 2n are elementary functions and are calculated in Ref. [35] . Consequently, Eq. (18) gives (to lowest order in µ):
Therefore, we obtain the following quantized radii in the plane of the disk (ζ = 0):
Galaxies or galaxy clusters can be modeled to a first approximation as rotating disks of dust. For typical galactic scales, λ ρ0 ≪ µ 3/2 , therefore Eq. (21) predicts an effective continuum of preferred radii. The quantized radii (21) are appreciable only for extremely low angular momentum galaxies.
From the line element (16) we obtain the condition for CTCs:
With the power series expansions (19) this becomes (to lowest order in µ):
for ζ = 0. In the Newtonian limit µ → 0, so that CTCs occur for ρ/ρ 0 → ∞. Since the quantized radii (21) are bounded by the condition ρ ρ0
3 for all n, causality violation is avoided in this metric as well.
IV. DISCUSSION
In conclusion, a kinematic condition is proposed that resolves the time discontinuity paradox in rotating spacetimes. This condition predicts radial quantization in both the quantum and macroscopic domains. For all of the cases considered above, the kinematic condition predicts radii that avoid causality violation. This suggests a new manifestation of Hawking's chronology protection conjecture [25] . Further work is needed to examine this condition in the context of other solutions of Einstein's equations that possess CTCs (i.e., the rotating Gödel universe, cosmic strings, etc.) to see if causality violation is prevented in these cases as well. However, these metrics are not in general asymptotically Minkowskian; therefore, the definition of t * is not well-defined.
As is well known, quantized planetary orbits exist in the solar system. The quantized radii predicted in the cases above do not correspond with these observed values. However, this does not preclude the possibility that the observed planetary orbits are remnants of an earlier stage of the solar system evolution. For example, the above metrics may not accurately depict the early nebula of dust and gas, which when flattened into a disk possessed a bulge at its center. Further work is needed to determine the quantized radii in more accurate models.
